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Abstract. Suppose that E = A[x; a, 5] is an Ore extension with rr an au- 
tomorphism. It is proved that if A is twisted Calabi-Yau of dimension d, 
then E is twisted Calabi-Yau of dimension d + 1. The relation between their 
Nakayama automorphisms is also studied. As an application, the Nakayama 
automorphisms of a class of 5-dimensional Artin-Schelter regular algebras are 
given explicitly. 



0. Introduction 

In the last twenty years, a lot of research appears on Artin-Schelter regular 
graded algebras arising from noncommutative projective algebraic geometry, and 
on Artin-Schelter regular Hopf algebras/quantum groups. Brown and Zhang proved 
that a noetherian Artin-Schelter regular Hopf algebra is rigid Gorenstein [BZ08], 
which is called the twisted Calabi-Yau condition in this paper. Such a class of 
algebras is called twisted Calabi-Yau algebra (see Definition 1.1). Van den Bergh 
duality [VdB98] holds for any twisted Calabi-Yau algebra. A noetherian Hopf 
algebra is Artin-Schelter regular if and only if it is twisted Calabi-Yau. In the 
noetherian connected graded case, an algebra is Artin-Schelter regular if and only 
if it is graded twisted Calabi-Yau. Associated to a twisted Calabi-Yau algebra, there 
is an automorphism, called Nakayama automorphism in general, which is unique up 
to an inner automorphism. A twisted Calabi-Yau algebra is Calabi-Yau in the sense 
of Ginzburg [Gin07] if and only if its Nakayama automorphism is inner. Calabi-Yau 
algebra is an algebraic structure arising from the geometry of Calabi-Yau manifolds 
and mirror symmetry. It has attracted much interest in recent years. 

For any finite-dimensional Lie algebra g, Yekutieli constructed the rigid dualiz- 
ing complex of U{g) [YekOO]. In the terminology now, in fact he proved that U{g) 
is Calabi-Yau if and only if tr(ada;) — for all a: S g. This result is generalized to 
a more general situation — the PBW deformations of Koszul Calabi-Yau algebras 
[WZll]. The quantized enveloping algebra of a complex semisimple Lie algebra 
is always Calabi-Yau [Che04]. In [BZ08], Brown and Zhang also described the 
Nakayama automorphism explicitly by using homological integrals for any noether- 
ian Artin-Schelter regular Hopf algebras. Recently, some people are interested in 
quantum homogeneous spaces, which are right coideal subalgebras of Hopf algebras 
satisfying some additional conditions. One question is to study when quantum 
homogeneous spaces are Artin-Schelter regular or twisted Calabi-Yau. The first 
named and the third named authors studied the twisted Calabi-Yau property of 
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the right coideal subalgebras of a quantized enveloping algebra [LWll]. A class 
of right coideal subalgebras of a quantized enveloping algebra can be obtained by 
iterated Ore extensions. This motivates us to study the Nakayama automorphism 
and the twisted Calabi-Yau property of Ore extensions in this paper. Ore extension 
is a noncommutative analogue of polynomial extension. If E = A[x; a, 6] is a graded 
Ore extension with a an automorphism and A is Artin-Schelter regular, then so is 
E. This means the twisted Calabi-Yau property of a connected graded algebra is 
preserved by (graded) Ore extensions. It is natural to ask whether Ore extensions 
preserve twisted Calabi-Yau property in general situations? The answer is positive 
when (7 is an automorphism. 

Let E = A[x;a,S\ be an Ore extension with a an automorphism. There is a 
short exact sequence of iJ'^-modules (see Lemma 2.1) 

— >E®A "''e E^aE E — >0. 

Then an iJ'^-projective resolution of E can be constructed by using an ^^-projective 

resolution of A. In particular, taking the bar complex oi A, the construction is noth- 
ing but the construction given by Guccionc-Guccionc [GG97]. Using this construc- 
tion, we compute the Hochschild cohomology H*{E, E ® E) and obtain a family of 
short exact sequences (Theorem 2.7). 

Theorem 0.1. Let A he a projective k-algebra and E = A[x; a, S] be an Ore exten- 
sion with a an automorphism. Suppose that A admits a finitely generated projective 
resolution as an A^ -module. Then for any n €N, 

0^ H"-{A,E^E) ^ H"{A,E^E''~'') H"+\E, E (gi E) ^ 

is an exact sequence of E^ -modules. 

We prove that Ore extensions preserve the twisted Calabi-Yau property and 
describe the relation between the Nakayama automorphisms of A and E (Theorem 
3.3). 

Theorem 0.2. Let A be a projective k-algebra and E = A[x\ ct, S\ be an Ore exten- 
sion with a an automorphism. Suppose that A is v-twisted Calabi- Yau of dimension 
d. Then E is twisted Calabi-Yau of dimension d+1, and the Nakayama automor- 
phism u' of E satisfies that u'\a = a~^u and v'ix) = ux-\-b for some u,b £ A with 
u invertible. 

As an application, we focus on a class of Artin-Schelter regular algebras of di- 
mension 5 which were investigated in detail by the second named and the third 
named authors [WW12]. Among them, the Nakayama automorphisms of those 
may constructed by iterated Ore extensions are given explicitly. 

The paper is organized as follows. In Section 1, we recall the definitions of 
twisted Calabi-Yau algebras and Ore extensions, and fix some notations. In Section 
2, following [GG97], we study Hochschild cohomology on Ore extensions instead 
of Hochschild homology. Some exact sequences are obtained and Theorem 0.1 is 
proved. In Section 3, we prove the main result Theorem 0.2, that is, Ore extensions 
preserve the twisted Calabi-Yau property if a is an automorphism. The relation 
between their Nakayama automorphisms is also described. In Section 4, the main 
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result is applied to multi-parametric quantum affine spaces and a class of Artin- 
Schelter regular algebras of dimension 5 which can be constructed by iterated Ore 
extensions. 



1.1. Twisted Calabi-Yau algebras. Throughout, k is a unital commutative ring 
and all algebras are k-algebras. Unadorned <S> means (8>k and Hom means Homjj. 

Suppose that A is an algebra. Let A°p be the opposite algebra of A and A'^ = 
A (g> A°P be the enveloping algebra of A. The term A®-modules are used for A-A- 
bimodules. 

For any two k-modules M, N, let tm,n ■ M TV iV M be the flip map. The 
subscript is often omitted if there is no confusion. For any A^-module M and any 

endomorphisms i^, a of A, denote by '^M'^ the ^'^-module whose ground k-module 
is M and the action is given by a ■ m ■ 6 = v{a)ma{b) for all a,b & A and m S M. 
If one of V and a is the identity map, then it is usually omitted. 

Suppose that M and N are both j4^-modules. It is easy to see that there are 
two ^*^-moduIe structures on M (g) TV, one is called the outer structure defined by 
{a®b) (m ®n) — am ® nh, and the other is called the inner structure defined by 
{m®n) ^ {a®b) = ma®bn, for any a, 6 G A, m G M, n & N. Since A'^ is identified 
with A ^ A as a k-module, A^ A endowed with the outer (resp. inner) structure 
is nothing but the left (resp. right) regular A*-module A®. Hence we often say 
A'^ has the outer and inner A'^-module structures. In the following definition, the 
outer structure on A'^ is used when computing the homology Ext^e(A, A*^). Thus 
Ext^e {A, A"^) admits an A^-module structure induced by the inner one on A^. 

Definition 1.1. An algebra A is called v-twisted Calabi-Yau of dimension d for 
some automorphism u of A and for some integer d > if 

(1) A is homologically smooth, that is, as an A^-module, A has a finitely gen- 
erated projective resolution of finite length; 



Sometimes condition (2) is called the twisted Calabi-Yau condition. In this case, 
V is called the Nakayama automorphism of A. 

The Nakayama automorphism is unique up to an inner automorphism. A u- 
twisted Calabi-Yau algebra A is Calabi-Yau in the sense of Ginzburg [Gin07] if and 
only if is an inner automorphism of A. 

Graded twisted Calabi-Yau algebras are defined similarly. Condition (1) is equiv- 
alent to that A, when viewed as a complex concentrated in degree 0, is a compact 
object in the derived category D(A^) [NeeOl], i.e., the functor IIomi3(^e)(j4, — ) 
commutes with arbitrary coproducts. 

1.2. Artin-Schelter regulcir algebreis. In this subsection, k is a field. 

Definition 1.2. Suppose that A is an algebra with an augmentation map s: A — > k. 
Then A is called left Artin-Schelter regular (for short, AS-regular) if 
(1) A has finite left global dimension < oo. 
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(2) dimk Ext^(Alk, a A) = 1 and Ext*^(Alk, a A) = 0, for all i ^ d. 

Right AS-regular algebras are defined similarly, and A is called AS-regular if A 
is both left and right AS-regular. A noetherian Hopf algebra is AS-regular if and 
only if it is twisted Calabi-Yau. One direction is proved in [BZ08, Lemma 5.2 and 
Proposition 4.5] where they used the term rigid Gorenstein for twisted Calabi-Yau. 
The other direction follows from next lemma, which we can not locate a reference. 

Lemma 1.3. Suppose that A is an algebra with an augmentation map s: A ^ k. 
If A is twisted Calabi- Yau, then A is AS-regular. 

Proof. Since 

k^AA^l-d] ^ k^ARHouiA-iA, A") ^ RHom^e (A, A O k) 
^ RHomA= (A, Hom(k, A)) ^ RHom^CA (g)A k, A) = RHomA(k, A), 
it follows that dimk Extl(Ak, aA) = 1 and Ext^(Ak, aA) = 0, for all i d. □ 

For a connected graded algebra A, A is left AS-rcgular if and only if it is right 
AS-regular. By the same argument as in the above lemma, A is AS-regular if A is 
twisted Calabi-Yau. On the other hand, if A is noetherian AS-rcgular, then A has 
a rigid dualizing complex [VdB97] , which implies that A is twisted Calabi-Yau. 

1.3. Ore extensions. Let ^ be a k-algebra, a be an endomorphism of A and S be 

a cr-dcrivation (i.e., S: A ^ A is a k-linear map such that 5{ab) = 5{a)b + a{a)S{b) 
for all a,b G A). Then a, 6 uniquely determine a ring extension E/A satisfying 

(1) E is a free left A-module with basis {l,x,x^, . . .}, 

(2) For any a G A, xa ^ a{a)x + S{a). 

The algebra E is denoted by A[x; a, S] and is called the Ore extension of A associ- 
ated to a and 6. For graded algebras, graded Ore extensions are defined similarly. 
However, the Koszul sign convention does not apply in this context. 

If a is the identity map, A[x-, a, S\ is often simply written as A\x-. S\] and if (5 = 0, 
as A[x] a\. The polynomial extension A[x\ is a special Ore extension. 

If (7 is an automorphism, then {1, x, a;^, . . .} is also a basis for E as, & free right 
A-module. In this case, Ax^ C Y^\^qX^A and x^A C Y^^^^qAx^ for any fc, Z e N. 
Let p" be the k-linear map which is the sum of all the compositions U\a2 • ■ • Un 
with Uj being a or 6, and a appearing i times in each composition. Then for any 
a G A and n > 1, 

n 

(1.1) x"a = ^pr(«K- 

i=0 

Similarly, let be the k-linear map which is the sum of all the compositions 
(Ti(T2 • • • c„ with (Tj being a^^ or —8(j~^, and cr~^ appearing i times in each com- 
position. Then for any a G A and n > 1, 

n 

(1.2) ax^ = Y,^'q^{a). 

Many ring-theoretic and homological properties are preserved by Ore extensions 
under certain conditions. We list some of them as follows. 

• If A is an integral domain and a is injective, then E is an integral domain. 
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• If A is a prime ring and a is an automorphism, then is a prime ring. 

• \i A has finite right global dimension and u is an automorphism, then E 
has finite right global dimension, in fact, 

r. gl. dim A<x. gl. dim E < i. gl. dim A+ 1. 

• If k is a noetherian ring, A is (strongly) right noetherian and a is an auto- 
morphism, then E is (strongly) right noetherian. 

For the details and other properties of Ore extensions, we refer to [MR87] , [GW04] , 
[ASZ99], etc. 

Here are some examples of iterated Ore extensions: multi-parameter quantum 
affine n-spaces Oq(Ik"), Weyl algebras A„(Ik), enveloping algebras U{q) of finite- 
dimensional nilpotent Lie algebras g, the Borel part of quantized enveloping algebras 
Uq{Q) of complex scmisimple Lie algebras g, and some classes of AS-rcgular algebras. 

1.4. Notations. Wc fix some notations about complexes and graded modules. 

Suppose that {P.,d) is a chain complex. The Z-shift of P., denoted by P[l]., 
is defined by P[l]n = Pn-i and d[l]n = (— l)'d„_i. If {P!,d') is another chain 
complex and f: P. ^ P! is a morphism of complexes, the mapping cone of /, 
denoted by cone(/), is defined by cone(/)„ = P„_i and the differential 
sending {p,p') G cone(/)„ to {-dn-i{p),d'^{p') - fn-iijp))- Dually, suppose that 
{Q',d), {Q'',d') are cochain complexes and g. Q' ^ Q'' is a morphism of com- 
plexes. The /-shift of Q' , denoted by Q[l\ , is defined by Q[/]" = Q"+' and 
d[l]^ = (-l)'d"+'. The mapping cone conc(.g), is defined by conc(,9)" = Q"+i©(3'"' 
and the differential sending {q,q') e conc(g)" to {-d^+^ {q),d"^{q') + g'^+^{q)). If 
f : P. ^ P' is a morphism of A-module complexes and is an A-module, then 
cone(HomA(/,M)) ^ HomA(cone(/), M)[l]. 

For any graded ^-module M, the n-shift M(n) of M, is defined by M{n)i = 

We mainly refer to [Lod98] for Hochschild homology and cohomology. 

2. Hochschild cohomology on Ore extensions 

We investigate the Hochschild cohomology on Ore extensions in this section. 
From now on, ct is always required to be an automorphism. 

Lemma 2.1. Let A he an algebra and E = A[x;(j,S\ he an Ore extension. Then 

the sequence of E'^ -modules 

(2.1) — > E^A^'^E E®aE E — >Q 

is exact, where p{e ® e') = ex ® e' — e ® xe' and fi is the multiplication. 

Proof. First of all, p is well-defined since 

p(l (g) cr~^ (a)) = a; (g) cr~^ (a) - 1 (g) a;cr~^ (a) 

= a; (g) cr""^ (a) — 1 (8> aa; — 1 (g) Sa~^{a) 
= xa~^{a) (g 1 — a (g) a; — 5a~^{a) (g) 1 
= ax^l — a^x 
= /9(a(g 1). 



6 



L.-Y. LIU, S.-Q. WANG, AND Q.-S. WU 



Suppose X)"^Q (g) Cj G Ker p. Then Y^^=o ^^'^^ ® ei — ^^"=0 = 0- ^^o^ 

that a;"+^ (8) e„ is the unique term containing x^^^ as the first tensor factor. It 
follows that e„ = and so Y^^=o ®ei = 0. Thus p is injective. 

Now suppose X^"^o <8i e ■ G Ker /x with ^ 0. Then 



^a;' (8)e- = 1 (g) + ^ a;' (g) e • 

j=0 i=l 

n n n 

= 1 (g) 60 + ^ a;' (g) e- - ^ a;'"^ are- + ^ a;'"^ O are- 

i=l z=l i=l 

(n \ n— 1 

^ a;'"^ (g) e- j + ^ a;* ig) a;e-+i 
i=l ^ i=0 

= X* (g) e" (mod Im p) 

i=0 

where e" G E and e^_i ^ 0. By induction on n, we obtain Ker/x = Imp. 

Therefore, the sequence (2.1) is exact. □ 

Remeirk 2.2. The graded version of Lemma 2.1 is also true. If deg(a;) = I, the 
short exact sequence (2.1) should be modified by 

Q^E^A "''Ei-l) E(^aE ^ E ^0. 

For any A^-projective resolution P. of A with an augmentation map e, E 0^ 
P. ^E and E ®a P- ®a E are £'^-projective resolutions of E (g)^ ^E and 

E ®A E respectively. By the Comparison lemma, p can be lifted to a morphism of 
i^'^-module complexes from E ®a P- ®a " ^Eio E ®a P ®a E, say tp. Then cone('(/') 
is an £'''-projective resolution of E via /x(idB (g e (g) id^). 

Now we start to look at the Hochschild cohomology. Let P. be the bar complex 
of A, 

Q ^ j^m ^ b' ^ b' _ _ _ ^ b' j^^n+l ^ b' ^ b' 

where b' : is the map 

n 

b'{ao (g • • • (g fln+i) = '^{-'^TO'O <g> • • • <g) ttitti+i •••(g) a„+i. 
A lifting map of p is constructed in [GG97] as follows. 

The two complexes EigiA P. 0a "'^E and EigiA P. 0a E are (iJ® A®* 0<^"'e, b[ „) 
and (£■ A®* iJ, 6q ^), respectively, where the differentials are 

n 

^o,n(«o • • • fln+i) = ^(-l)*ao • • • ajOj+i • • • a„+i, 

i=0 

n-1 

^'i,n(«o • • • fln+i) = ^(-l)*ao • • • ajOj+i • • • a„+i 

i=0 

+ (-l)"ao • • • ttn-l cr~^(a„)o„+i. 
The lifting map {tjj'^: E A®" '""'i; ^ £■ A®" i;}„eN is defined by 
V'^(l0ai0^^^0a„0l) 

= a; C7~"^(ai) • • • cr~"^(a„) 01 — I0ai0^^^0a„0a; 
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- ^ 1 (8 ai • • ■ (g) aj_i (g) (5cr ^(aj)0(T ^(aj+i) (g) • • ■ (8> cr ^(a„)(8>l. 

By the above argument, we have 

Lemma 2.3 ([GG97, Propositions 1.1 and 1.2]). Let A be an algebra and E 
A[x;a,6] be an Ore extension. Then 



(2.2) 



E(g)E^ 



E^A^"' E- 



■E{ 



E- 



j/>2 



■ O A (g) ■ 



■ E <g) A'»'^ ^ E ■ 



is a commutative diagram of E^ -modules, and 

(2.3) cone(V'') E — ^ 

is an exact sequence. If further, A is flat (resp. projective) overk, then (2.3) is a 
flat (resp. projective) resolution of E as an E^ -module. 

In the following statements, we sometimes write /(ai (g) ■ • ■ (g) a„) as /(ai , . . . , a„) 
for convenience. 

Let M be an i?'--module. Applying Hom^e (— , M) to (2.2), we have the following 

commutative diagram 

(2.4) Hom(k,M<^"') — ^^Hom(yl,M'^"') — ^Hom(^®2 M"^"') 



Hom(A, M) 



■Hom(y4®^M) 



Hom(k, M) — 

where the maps are given by, for any / e Hom(A®", M), f G Hom(^®", M"^"'), 

n 

6°'"(/)(ai, . . . , a„+i) = ai/(o2, . . . , a„+i) + ^(-l)'/(ai, . . . , a^ai+i, . . . , a„+i) 

i=l 

+ (-l)"+V(ai,---,an)an+i, 

n 

• • ■ , On+i) = ai/(ai, . . . , a„+i) + ^(-l)V(ai, . . . , a^aj+i, . . . , a„+i) 

i=l 

+ (-l)"+V>i,...,an)fT-^(an+i), 
= a;/(fT"^(ai), . . . , o-"^(a„)) - /(ai, . . . , a„)a; 

Obviously, when M is viewed as an A'^-module, the two rows in the diagram 
(2.4) is the Hochschild complex C*{A,M''~^) and C*{A,M). In general, for any 
^'^-module M, the differentials of C*{A,M) and C*{A,M''~') are denoted by b 
and h^-i respectively, if there is no confusion. On the other hand, by Lemma 2.3, 
we can compute H^{E,M) by using cone('^') or cone(^). 

Lemma 2.4. Let A be a projective h-algebra and E ~ A[x; a, S] be an Ore extension 
and let M be an E" -module. For any n e N, H''{E,M) ^ iJ"-i(cone(6')). 
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Proof. By (2.3) and (2.4), 
H"{E,M) = i?"(HomBe(cone(V''), Af)) ^ iJ"(cone(6»)[-l]) = Jff"-^(cone(6»)). 

□ 

Now let M = E ® E. By the definition of mapping cones, there is a short exact 
sequence of i^^-module complexes 

— >C*{A,E^E''~') -^cone{e) — > C* {A, E ^ E)[l] 0, 

where the iJ'^-module structure on each complex is induced by the inner structure 
on E igi E. It follows that 

> H''-\C*{A,E®E''~')) H''-\cone{e)) ^ H''-\C*{A,E^E)[1]) 

Afl""(C*(A^<»^''"')) ^-H'"(cone(^)) ^if"((7*(A,^®E)[l]) ^ •■• 

is an exact sequence of i^^-modules. By Lemma 2.4, the above sequence becomes 
(2.5) 

> H"-\A,E0E'' ') — > H''{E,E^E) — > H''{A,E®E) 

H''{A,E<»E''~') — > H''+^{E,E^E) — > H''+'^ {A, E E) , 

where the connecting homomorphism d = H^{9). 

Since, as A'^-modules, E^E = A(g) A(8)k[a;]®^, ax^ ^x^b >-)■ a^h^x^^x^, and 
similarly 

E O E"'^ ^A® A"'^ O k[a;]®^ ^ A O ""A (g) k[a;]®^ 
there exist two canonical morphisms of k- module complexes 

C*{A, A A"'^) O k[x]®2 ^ c*{A, E (g) E"'^), 
C*{A,A(E,A)(^k.[x\^'^^C*{A,E®E). 

where the differentials of the left two complexes are b<j-i id®^, b (g) id®^, respec- 
tively. 

We hope to equip the left two complexes with suitable S'^-module structures 
such that the above are morphisms of i^'^-module complexes. To this end, for any 
/e C"(^,A® A'""'), define 

x-{f ®x%x^)= f ®x^®x''+^, Vk,l€N, 

k 

a - (/ (g)a;'(8)a;'') = ^^^^(a) • / a;' (g) a;', Va e A, 

i=0 

{f ®x^®x^) ■ X = f ® a;'+^ ® x^, 
I 

(/ (ga;'(g)a;'') ■a = ^f ■ p\{a) ® x^ ® x'' , 

where p\ and are defined in (1.1) and (1.2) respectively, the actions (a) • / and 
/ • p\ (a) are induced from the inner structure on A . 

This makes C* [A^A^A"^ ) (g) k[a;]®^ be a complex of £^-modules and similarly 
for C*{A,A®A)®^x]^'^. 
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Lemma 2.5. Suppose that A is a flat k-algebra and E = A[x;a,S\ is an Ore 
extension. Then there exists a morphism of E*^ -module complexes 

rj: C*iA,A®A)(^k[xf'^^C*iA,A(dA'''')(^k[xf'^ 

such that the following diagram is commutative, 

(2.6) C*{A,A^A''~')^k[x]^'^ ^ C*{A,E ^ E''~') 

V e 
C*{A, A^A)^ k[a;]®2 ^ c*{A, E^E). 

Proof. For any y & A® A'^ \ we use Sweedler's notation y = Y^y' ® y" . For any 
f ® x'' ® x'' e CiA, A(S) A) ® k[x]®2, let 

[/, a;' (g) a;''] : (ai,...,a„) ^ /(ai, . . . , a„)V (g) a;*=/(ai, . . . , a„)" 

be the corresponding element in C"(^, E ® E). Then 

r([/,x'®a;'^])(ai,...,a„) 
= x{[f,x'- ®x^]{(j-^{ax),...,cr-^{an))) - ([/, ig) a;'=](ai, . . . , a„))a; 

n 

- ^[f-,x^ . . . , aj_i, 5(j~'^{aj),a~'^{aj+i), . . . ,£7"^(a„)) 

= ^ xfia-\ai), (a„)) V ® x''f{a-\a^), a-i(a„))" 
~ X] •^('^1' • • • ' x''f{ai, an)"x 

n 

- ^[f-, x'' (g) x*^](ai, . . . , flj-i, (5(7"^(aj), C7"^(aj+i), . . . , (7"^(o„)) 

+ E5(/(a-i(ai), . . . , c7-i(a„))')a;' x^'fia-^a^), . . . ,<7-i(a„))" 

- f{au . . . , a„)'a;' ® a^^^+V-^C/Cai, . . . , a„)") 
+ E /(ai, . . . , a„)'a;' x''5a-^{f{ai, a„)") 

n 

- ^[fix'- ®x^\{ai,..., aj-i,5a~^{aj), a~^{aj+i), (7"^(a„)) 

= [(a (g id)/((7-i)®", <g a;'^] (ai, . . . , a„) 

- [(id(g£7-^)/,a;' (g)a;'=+^](ai,...,a„) 

+ [(5 ® id)/(a-i)®", a;' ® a;'^] (ai, . . . , a„) 
+ [(id0 5£7"^)/,a;' (g)a;'=](ai,...,a„) 

n 

- J2 [f{id^'~^^Sa-^ ® (a-i)®"-^), ® x''] (ai, . . . , a„). 

Thus rj can be defined as follows, so that the diagram (2.6) is commutative. For 
any n G N and / G C"(A, A A), 

(2.7) ??"(/ (g a;' (g a;'') = /i (g> a;'+^ (g) a;'^ - /2 (g a;' (g) a;''+^ + /s (g a;' (g a;*" 
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with 

(2.8) /i :=(^®id)/(a-i)®» 

(2.9) /2 := (id®(T-i)/ 

(2.10) /3 := (,5®id)/(CT-i)®" + (id®(5a-i)/ 

n 

- J2 /(id®'"' ® Sa-^ ® (a-i)®"-^). 

It remains to check that r/" is iS'^-hnear for aU n. In fact, it is obvious that 
?7"(x ■ (/ (8> a;' (g) a;'^) • a;) = a; • 77"(/ (8) a;' (g) x*^) ■ x. Thus it suffices to show 

(2.11) <(a • (/ (g) 1 ® 1)) = a • ??"(/ (g) 1 «) 1), 

(2.12) 77"((/ (g 1 ® 1) • a) = ??"(/ (g 1 1) • a. 

By the definition of ry, 

r;"(a • (/ (g 1 (g 1)) = r/"(a • / ® 1 ® 1) 
= (a • /)i ig) a; (g 1 - (a • /)2 <g) 1 (g a; + (a • /)3 (g 1 (g 1, 

and 

a-7?"(/(gl«)l) 
= a-(/i(ga;(gl-/2(glg)x + /3(gl(gl) 

= a-/i(ga;(gl - (J"^(a) • /2 (g 1 (g a; + (5cr~^(a) •/2(gl(gl + o-/3(gl(gl 
= a-/i(ga;(gl - (J"^(a) • /2 (g 1 (g a; + ((5(T"^(a) • /2 + a • /s) (g 1 (g) 1. 

It is easy to verify (a • /)i = a ■ fi, {a - f)2 = a~^{a) ■ f2- And 

{a ■ f)z{ai, . . . ,a„) 
= {5® id)(a • /)(cr-i(oi), . . . , c7-^(o„)) + (id<g)(5cr-i)(o • /)(ai, . . . , a„) 

n 

- X]^'* ■ • • • ' ctj-i, ^(T"^(aj), C7"^(aj+i), . . . ,£7"^(a„)) 

j=i 

= ^ <5(/(a-^(ai), . . . ,a-^(a„))') ® af{a-\a,), . . . ,a-i(a„))" 

n 

- ■ /)(«!, • • • , aj-i,6a~'^{aj), a"^(aj+i), . . . , CT"^(a„)) 
j=i 

= ^5(/(<7-i(ai), . . .,a-\an))') ® a/(c7-i(ai), . . . ,a-i(a„))" 
+ ^ f{ai, a„y (g) (5(7-^ (a)(7-^ (/(ai, . . . , a„)") 

n 

~ m*^"^ ' • • • ' flj-i, <5o-~'(aj), o-~'(aj+i), ■ • • , cT"^(a„)) 

= a • (g id)/(CT-^(ai), . . . , a-\a„)) 
+ ^C7~^(a) • (id(gc7~^)/(ai, . . . ,a„) 
+ a • (id0^c7~^)/(ai, . . . ,a„) 
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-^{a- f){ai,---,aj-i,Sa ^{aj),a ^{aj+i), . . . ,a ^(a„)) 

= ((5(T~^(a) •/2 + a-/3)(ai...,a„). 

Thus (2.11) holds and (2.12) can be checked in a similar way. Therefore, 77 is 
constructed as desired. □ 

Lemma 2.6. Suppose that A is a flat k-algebra and E = A[x; a, 5\ is an Ore 
extension. Let f G C"{A,A(^A) (n £ N) and fi, f2, h he given by (2.8), (2.9), 
(2.10). The following are equivalent: 

(1) f is a cocycle (resp. coboundary) in C"'{A,A^A), 

(2) /i is a cocycle (resp. coboundary) in C"'{A, A A"' ), 

(3) /2 is a cocycle (resp. coboundary) in C'^{A,A®A'^ ^). 

// the above conditions are satisfied, fz is also a cocycle (resp. coboundary) in 
C"{A,A(E>A''~'). 

Proof. Take / = fc = 1 in (2.7), then 

77"(b/ (g) 1 O 1) = (b/)i a; (g) 1 - (b/)2 O 1 (g) a; + (b/)3 O 1 O 1 

= b^-1/1 (g) a; (g) 1 - b<,-i/2 (g 1 a; + b^-1/3 (g 1 O 1. 

It follows that 

(b/)i = (a®id)(b/)(a-i)®"+i = b,-i/i, (b/)2 = (id®a-i)(b/) = b,-i/2 

and (b/)3 = b^-1/3. 

So / is a cocycle if and only if /i is a cocycle, if and only if /2 is a cocycle. If 
any one of /, fi and /2 is a cocycle, then /s is also a cocycle. 

If / is a coboundary, say / = hg, then /i = (cr ® id)(bc/)(cr"^)®" = b^^-igi, 
./2 = bcr-1.92 and /s = bg.-i53. Thus /i, /2 and /a are all coboundarics. 

If either /i = (a (g id)/(a~^)®" or /2 = (id(ga~^)/ is a coboundary, then / is 
a coboundary. □ 

Theorem 2.7. Let A be a projective h-algebra and E = A[x;a^5\ be an Ore ex- 
tension. Suppose that A admits a finitely generated projective resolution as an 
A'^ -module. Then for any n e N, 

^ H'\A,E®E) A H^iA.E^E"'') H'''+\E,E®E) 

is an exact sequence of E*^ -modules. 

Proof. Since A admits a finitely generated projective resolution as an ^'^-module, 
the two parallel arrows in (2.6) are quasi-isomorphisms of -E*-module complexes. 
Thus the sequence (2.5) becomes 

).iI"(A,y4(gA)(gk[a;]®2 ^H''{A,A^A''~^)^^xf'^^H''+'^{E,E^E) 

where d is induced by d and d = H"'{ri). 
It is sufficient to show d is injective. 
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Suppose that Y.{i k) f''^ ^' ® ''^ cocycle in C'\A,A ® A) ® k[a;]'^^ such 

that d{j2{i,k) + Im(b"-i ® id*'^)j = 0. Then 

77" ( ^ (g) a;' O a;M 

(2.13) = ^ ® x'+^ ®x^-Y, /^■'^ ® ® x^+^ + ^ ® ® x'^ 
(;,fe) (i,/c) (i,fe) 

e im(b^rii o id®2). 

Endow with the lexicographical order from right to left, that is, (a, h) > (c, d) if 
h > d ov {h = d, a> c). So the set consisting of all pairs (Z, fc) such that /'''^ 7^ is 
a totally ordered set with respect to the order. Pick the greatest index (/q. fco) and 
observe that y^"''^" ®x^° ®x^°^^ is the unique term in (2.13) containing ®x^°'^^ 
as its tensor factor. Therefore, /a"'''" is a coboundary and so is f^o,ko_ follows 
that d is injective. □ 

3. Ore extensions preserve twisted Calabi-Yau property 

In this section, we will show that the twisted Calabi-Yau property is preserved 
by Ore extensions. First of all, recall the short exact sequence (2.1). If A admits a 
finitely generated ^'^-projective resolution of finite length, say P., and 

^Ij: E®aP-®a "''e — > E®aP-®aE 

is a morphism lifting p, then cone(-0) is a complex of finitely generated £'*^-projective 
modules. Thus the following proposition is concluded immediately. 

Proposition 3.1. Let A be an algebra and E = A[x;a,6] be an Ore extension. If 

A is homologically smooth, then so is E. 

Next, we consider the cohomology H*{E, E ® E). 

Proposition 3.2. Let A be a projective ^-algebra and E = A[x;a,S\ be an Ore 
extension. Suppose that 

(1) A admits a finitely generated projective resolution as an A'^-module, 

(2) H^{A, A®A)=0 unless i = d for some deN. 

Then H'{E, E(giE) = unless i = d+l. 

Let u), u)' and il be the cohomology groups H^{A, A (g) A), H<^{A, A® A'' ) and 
H'^~^^{E, E (g) E), respectively. Then O = cj' (g k[x] and the E^-module structure on 
co' (g k[x] is given as follows, for any a & A, [f] Goj' , k € N, 



k 

(3.1) a > ([/] ®x>')=J2 ® 

i=0 

(3.2) a;>([/](g)x'=) = [/] 

(3.3) ([/](gx'=)<a= [/]ag)x^ 

(3.4) ([/] ® x'^) < X = [/2] x^+^ ~ [/a] ® x^ 



where f = {a ^ ®id)f{a®'^), /2 and /s are given by (2.9) and (2.10). 
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Proof. Since W{A,A®A'''') ^ if* (A, A « M) , by Theorem 2.7, W{E,E®E) = 
for alH d+ 1. And as £J*-modules, 

H'^{A,E®E)^w®h\xf'^, 

H'^{A,E®E'''^)'^uj'®h[x]®'^, 
where the i^'^-module structure on lo' ® k[a:]®^ is given by 



(3.5) 


X ■ ([/] (8)x'(8)a;^) 


= [/] (8>a;'(8)a;''+\ 


V[/]Gw', fc,Ze 


(3.6) 


a - ([/] .t'') 


k 

8 = 

= [/] (8)a;'+^(gix'=, 


Va G A 


(3.7) 


{[f]®x''®x'') ■ X 




(3.8) 


([/] ®x^®x'')-a 


= J2[M{a)®x'®x\ 





i=0 

and the S^-module structure on u ^ k[a;]®^ is given similarly. By the proof of 
Theorem 2.7, 

w (8) k[x]®2 Aw'® k[a;]®2 

is exact. 

To show fl = Lj' (g) k[x], it suffices to show that ut' (g) k.[x] is the cokernel of d. 
Now, for any cocyclc / G C''(^, A O A'^"'), let / = (cr"! O id) /(a®''). Then, by 
the definition of ??, /i = / and 

(3.9) / (g) (g) a;'' = /2 O a;' (g) a;'=+^ - /s (g) O a;'' (mod Im??''). 

By Lemma 2.6, /2, /s are also cocycles. If, in particular, / is a coboundary, then 
so are /2, /s, and vice versa. It follows that for any I, fc G N, 

(3.10) / ig> a;' (g) x'' = ^ ffj- (g) 1 (g) x^+'' (mod Im t]'^) 

for some cocycles gj in C'^{A, A^ A"^ ^), and / is a coboundary if and only if all 
of gj 's are coboundaries. 

Obviously, / = if and only if /i = 0. It follows from (2.13) that J2j Qi'^'^'^^^ G 
Im r]'^ if and only if gj = for all j. This implies that the cocycles gj in (3.10) are 
unique. Hence there exists a bijection 

$1 : {oj' (g) k[a;]®2) / Im S ^ w' (g) k[a;] 

I 

[/] (g) a;' (g) a;*^ + Ima I — ^bj] x^+''. 

3=0 

Therefore, Q = oj' (g)k[a:]. It follows from (3.5), (3.6), (3.8) that the induced 
iJ'^-module structure on co' (g k[a;] satisfies (3.1), (3.2), (3.3). By (3.9), 

(3.11) $i([/i] ® a; ® 1 + Ima) = [/a] ^x- [fa] ® 1. 

Then it follows from (3.2) and (3.7) that ([/] a;*^) <a a; = [f2] O 3;*=+^ - [/s] O x'', 
i.e., (3.4) holds. □ 
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Theorem 3.3. Let A be a projective k-algebra and E = A[x; a, 6] be an Ore exten- 
sion. Suppose that A is v-twisted Calabi- Yau of dimension d. Then E is twisted 
Calabi- Yau of dimension d + l and the Nakayama automorphism u' of E satisfies 
that v'Ia = (J~^u and ^'{x) =ux + b with u, b £ A and u invertible. 

Proof. Wc still use oj, lj' and il as above. As ui' = '^ui and ui = Ay , we may fix a 
bimodulc isomorphism ip: lo' "A" . 

It follows from Proposition 3.2 that = w' \\x\ = ''A" k[a;]. The E « A°P- 
module structure on '^A'^ (g)k[a;] is induced from (3.1), (3.2) and (3.3). Let us prove 
''A" (g) k[a;] ^ E ''''''' as E <^ ^°P-modules. 

In fact, the composite 

"A"" k[x] ^II^ A''~'''<S) k[x] k[x] O A'^''"' E"'^", 

denoted by $3, is an isomorphism of E ^ A°P-modules. 
Clearly, $3 is bijective. For any a', a G A and k gN, 

$3((a' (S) x'') <a) = $3(a'z/(a) (g) x'') = a;*'c7~^(a')cr~^i/(a) 

= $3(0' O a;*') • a, 
^3ix> {a' ^ x'')) = ^3ia' ^ x''+^) = x''+'^(7-\a') = xx''a-\a') 

= X ■ $3(a' <8)a;*). 

Recall the maps q^: A^ Ain (1.2) such that ax'^ = Yli=Q x'^^iio)^ 
^zia^ {a' ® x^)) = ^cr{q^{a))a' ®x^\ 

^ i=0 ^ 

fc 

= ^x'q'y{a)G-\a') = ax^a-\a') 
= a-$3(a'(gix''). 

So = E''^ " as _E (g> ^°P-modules. There exists an endomorphism v' of E such 
that V, = E" as £"'-modules and v'Ia = (J~^v. In such a way, $3 is indeed an 
isomorphism of ii^'^-modules. 

Now we try to decide v'{x). Let $2 = v' ® id: w' ® kfa;] ''A" k[a;]. Since 
uj' ^ '^A" via tp, there exists a cocycle / e C^{A,A® A"^'"^) such that 

*2$i([/] (8> 1 1 +Ima) = 1a (8> 1. 

Define f,he C"*(A, A^A) by / = {a''^ (g)id)/((7®'^) and /i = (id a)f, respectively. 
Clearly, f = fi = /i2- Thus / and h are both cocycles. Then 

v'{x) = 1e-x = $3^2$i([/] <8) 1 1 + Ima) - a; 

= $3$2$i([/]0a;0l + Ima) by (3.7) 
= $3^2*1 ([/i] a; 1 + Im S) 

= $3*2([/2] ®X)- $3$2([/3] ® 1) by (3.11) 
= ^3(<P([/2])0X)-<I>3(^([/3])01) 

= a:a-V([/2])-fT-V([/3]) 

= <p{[f2])x + ^a- V([/2]) - CT-Mm- 
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Let u = tp{[f2]) and b = (Jcj- V([/2]) - o"" V([/3])- Then iy'{x) = ux + b. 
On the other hand, 

x = x- $3$2$i([/] ® 1 <8) 1 + Inia) = $3$2^i([/i2] ligix + lmd) 

= $3$2*i([/ii] a; (g) 1 + Ima) + $3$2$i([/i3] (g) 1 O 1 + Im 9) 

= $3$2*i([/ii] 01(8)1 + Im a) - 0; + $3$2^i([/i3] (8) 1 1 + Imfii) 

= CT-V([/ii]) • a; + (T"V(N)- 

Let i; = c7-V([/ii]), c = (7-V([/i3])- Then 

X = V ■ X + c = v{ux + b) + c = vux + vb + c, 

which impUes vu = 1a and vb + c = Q. 

Since y'\A is an automorphism and u is left invertible, x G Imv' , namely, v' 
is surjcctivc. Suppose that v' i^^^Q ca) = 0. Then develop f^'(X]"=o ^''^*) ~ 
X]r=o('"^ + 6) V^^z/(ai) to the form X]"=o ^^^^i- I* ^^^y *o show that the leading 
term is a;"c7~"(M) • ■ • a^'^{u)(T^^{u)a~^v{an)- So the coefBcient is zero. Since u is 
left invertible and cr, z/ are automorphisms, a„ = 0. Consequently, u' is injective. 

Finally, we prove that u is also right invertible. In fact, for any a & A, xa = 
(j{a)x + 5 {a). Under the action of v' , 

= u{i'{a)x + d(T^^iy{a)) + b(T~^i'{a) 
= a^^i'(T{a){ux + b) + a~^i^6{a). 

Comparing the coefficients of x, we have a~^i^(7{a)u = uv{a) for any a S A. In 
particular, let a = a^'^v^^a{v) and so u is also right invertible. 

Therefore, by Propositions 3.1, 3.2, E is twisted Calabi-Yau of dimension d+1 
and the Nakayama automorphism u' satisfies the required conditions. □ 

Remeirk 3.4. By the definition of r/ in (2.6), /i = /2 if c = id, and /3 = if ^ = 0. 
Thus y'{x) = a; + 6 if C7 = id, and y'{x) = ux ii 5 = Q. 

4. Applications 

One motivation of studying the twisted Calabi-Yau property of Ore extensions 
is studying the right coideal subalgebras of the positive Borel part of a quantized 
enveloping algebra and computing their Nakayama automorphisms [LWll] by the 
first named and the third named authors. Such algebras can be obtained by iterated 
Ore extensions. In [LWll], a class of right coideal subalgebras (quantum homoge- 
neous spaces) C C Uq{Q) is proved to be twisted Calabi-Yau, and the Nakayama 
automorphisms are given explicitly in some cases. 

In this section, the base ring k is assumed to be a field. 

4.1. Quantum affine spaces. As stated in Section 1, multi-parameter quantum 

affine n-spaces C'q(k") can be obtained by iterated Ore extensions. Their Nakayama 
automorphisms can be computed by using Theorem 3.3. Of course, all the results 
in this subsection are known and can be deduced in some other way. 

Let n > 1 and q be a matrix {qij)nxn whose entries are in k satisfying qa = 1 
and qijQji = 1 for all 1 < i,j < n. The quantum affine n-space Oq(k") is defined 
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to be a k-algebra generated by xi, . . . ,Xn with the relations XjXi = qijXiXj for ah 

Proposition 4.1. The quantum affine n-space C'q(k") is twisted Calabi-Yau of 
dimension n, whose Nakayama automorphism u sends Xi to {Ylj^iQji)xi. 

Proof. If n = 1, C'q(k) = k[a;i]. The conclusion is true. 

If n > 1, we assume the conclusion holds for n — 1. Let q' be an (n—1) x (n—1) 
matrix obtained by deleting the n**^ row and the n"^ column of q, and q" by deleting 
the first row and the first column of q. Now consider the following two quantum 

(n — l)-spaccs 

C'q'(k""^) = k(a;i, . . . ,x„_i | xjx^ = qt-jX^x^, I <i,j <n - 1), 
Oq"(k""^) = k(a;2, . . . ,x„ | XjXi = qijXiXj, 2 < i,j < n). 

Clearly, C'q(k") = Oq/ (k"~-^)[a;„; tr'] where a'{xi) = qinXi for 1 < z < n — 1, and 
Oq(k") = C'q"(k"-i)[a;i;a"] where a"{x^) = qnx, ioi 2 < i < n. 

By the inductive hypothesis, 0q'(k"~^) and Oq"(k"~^) are both twisted Calabi- 
Yau of dimension n—1 and their Nakayama automorphisms v', v" are given by 

n-l 

iy'{xi) = ( Qjijxt, 1 < i < n - 1, 

n 

= (^Ylqj^'jxi, 2<i<n, 

3=2 

respectively. 

Since the invertible elements in C'q(k") arc those nonzero scalars in k, the identity 
map is the only inner automorphism of C'q(k"). By Theorem 3.3, C'q(k") is twisted 
Calabi-Yau of dimension n whose Nakayama automorphism u satisfies 

\ n 

{Ylliij^ij {Ylljij^iy l<«<n-l, 

i=i ^ i=i 

( n \ n 

3=2 ^ j=l 

So v(xi) = (n"=i Q3i)xi for 1 < i < n. 

Therefore, the proposition holds for all n > 1. □ 

Remark 4.2. The same method can be applied to Weyl algebras j4„(k), n > 1. 
As a consequence, Weyl algebra A„ (k) is Calabi-Yau of dimension 2n. 

4.2. A 3-dimensional AS-regular algebra. Let A be generated by x, y, z with 
three relations 

yx — xy — x^, zx — xz, zy — yz — 2xz. 

Then A is a 3-dimensional AS-regular algebra. 

Let B = k{x,y) /{yx — xy — x^) be the Jordan plane, which is an AS-regular 
algebra of dimension 2. Obviously, B = k[x][y; di] with di{x) = x^. It follows that 
B is twisted Calabi-Yau, but not Calabi-Yau, with the Nakayama automorphism 
given by v'{x) = x and i'{y) = 2x + y. 
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On one hand, A = B[z; v] is an Ore extension of Jordan plane. Then A is 
twisted Calabi-Yau with the Nakayama automorphism u' such that v'ix) = x and 

^'{y) = y- 

On the other hand, A = \[x,z\[y;§\ where 5 is given by 5{x) = x^ and 5{z) = 
—2xz. So, y'{z) = z. 

It follows that A is Calabi-Yau, which was proved by Bcrger and Pichereau 
[BPll]. 

4.3. A class of AS-regular algebras of dimension 5. Classifying quantum 
projective spaces P" — noncommutative analogues of projective n-spaces, is one 
of the most important questions in noncommutative projective algebraic geometry. 
An algebraic approach to construct a quantum P" is to form the noncommutative 
projective scheme Proj A [AZ94], where A is a noetherian connected graded AS- 
regular algebra of global dimension n + 1. So the question turns out to be the 
classification of AS-regular algebras. 

Recently, the second named and the third named authors tried to classify quan- 
tum P^'s. In [WW12], AS-regular algebras of dimension 5, generated by two gen- 
erators of degree 1 with three generating relations of degree 4, are classified under 
some generic condition. There are nine types such AS-regular algebras in the clas- 
sification list. Among them, algebras D and G can be realized by iterated Ore 
extensions ([WW12, Proposition 5.7 and Theorem 5.8]). 

In this subsection, we compute the Nakayama automorphisms of these two types 
of algebras. Assume k is a field of characteristic zero. The algebras D and G are 
of the form Ik(a;, 2/)/(ri, r2, rs). 

For algebra D, 

ri = x^y + px^yx + qxyx^ - p(2p^ -|- q)yx^, 

r-2 = x'^y'^ - pip^ + q)yxyx - q^y'^x^ + {q- p'^)xy'^x + {q- p'^)yx'^y, 
n = xy^ + pyxy'^ + qy'^xy - p(2p^ + q)y^x, 

where p, q €k \ {0} and 2p^ - p^q -|- = 0. 
For algebra G, 

ri = x^y + px^yx + qxyx^ + syx^, 
r2 = x^y^ + hxyxy + hyxyx + hy^x^ + hxy^x + hyx^y, 
= xy^ + pyxy"^ + qy'^xy + sy^x, 

where 

s^{qs-g) pg{ps-q^) . . ps^ + qg 
h — 7 ; — r, 13 — s ; — — o ' ~ i ' 

9{Qs + g) q{qs + g) qs + g 

with g, s, g G k \ {0}, ps^g + qsg'^ + + g^ = Q, p^s = g^ ps ^ g^ q'^s^ ^ g'^ 

and + ^ 0. 

It is proved that the algebras D and G can be obtained as an iterated Ore 
extension by a unified process [WW12, subsection 5.2]. We give a sketch of the 
process here. 

Let A = k[y] with degy = 1. Let a, 6 e k satisfy abia + bJia^ + b^){a^ -b^) ^ 0. 
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Define Ai = A[zi; ai] to be the graded Ore extension of A witli deg zi = 3, wtiere 

f^iiv) = ay. 

Define A2 = Ai[z2; (J2, ^2] to be the graded Ore extension of A\ with deg 22 = 2, 
where 

a2iy) = by, a2{zi) = azi, 
h{y) = zi, 52{zi) = 0. 

Define A3 = j42[2;3; cts, ^3] to be the graded Ore extension of A2 with deg 23 = 3, 
where 

(^aiv) = a~^b^y, (^3(^1) = b^zi, cr3{z2) = az2, 

S3{y) = zi, Saizi) = {a - b)zl 63{z2) = 0. 

Define A4 = As[x;a4,54] to be the graded Ore extension of A3 with deg a; = 1, 
where 

0-4(2/) = a'^bf^y, (^4{zi) = a~^b^zi, a4{z2) = bz2, (T4{z3) = azs, 

54{y) = Z2, '^4(^1) = ^^4 ^4(^2) = ^^^3, ^4(.3)=0. 

Let a = p^'^q^, b — —p^^q, then A4 = D. Let a = s^g^^, b = —p~^q, then 
A4 = G. Both isomorphisms send the indeterminants x, y in to the generators 
X, y ofD and G, respectively. 

Now let us compute the graded Nakayama automorphism 1/ of A4. 

By Theorem 3.3, v{y) = iJ^^<7^^(T2^cr^^ (y) = ab^^y. 

Observe that A4 can be also obtained as an iterated Ore extension along the op- 
posite direction, that is, adding Z3, Z2, zi, y to k[x] successively. The corresponding 
automorphisms and derivations are determined by ai and 6i {1 < i < 4). We do 
not give their concrete expressions but only the result v{x) = a~^b^x. 

Return to the algebras D and G. For D, a~^b^ = p^q~'^p~^q^ = p~^q^, and the 
Nakayama automorphism v is given by 

v{x) = p~^q^x, v{y) = p^q~'^y. 

For G, a~^b^ = s~'^gp~^q^ = g, and the Nakayama automorphism u is given by 

u{x) = gx, v{y) = g-'^y. 

Thus we have 

Theorem 4.3. (1) The algebra D is twisted Calabi-Yau with the Nakayama 
automorphism v given by 

v{x) =p~^q^x, v{y) =p^q-^y. 

And D is Calabi- Yau if and only if that p, q satisfy the system of equations 

I 2p4 _ p-^q + g2 ^ 0. 
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(2) The algebra G is twisted Calabi-Yau with the Nakayama automorphism v 
given by 

uix) = gx, v{y) = g-'^y. 
And G is Calabi-Yau if and only if that g = 1. 
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